Abstract. We show that a weighted shift on a directed tree is related to a multiplier algebra of coefficients of analytic functions. We use this relation to study spectral properties of the operators in question.
Introduction
Theory of analytic functions plays a central role in operator theory. It has been a source of methods, examples and problems, and has led to numerous important results. The study of the unilateral shift owes much of its success to use of the Hardy space methods (see the monograph [14] ). The same applies to Toeplitz and Hankel operators or composition operators. Weighted shifts have also been studied with analytic function theory approach. An excellent exposition of an interplay between weighted shift operators and analytic functions has been given by A. Shields in [16] . Essential ingredients of the considerations therein were viewing a weighted shift operator as "multipliation by z" on a Hilbert space consisting of formal power series and showing that the structure of this space is in fact analytic. This enabled using multiplication operators and bounded point evaluations, tools known to be very powerful in variety of problems in operator theory. Other notable examples of using analytic models of operators can be found in [5, 12, 22, 18, 13] .
In the present paper we study a class of (bounded) weighted shifts on directed trees focusing on analytic aspects of their theory. The class generalizes classical weighted shifts (see [7] ) and is a source of interesting examples (see e.g., [1, 2, 8, 9, 10, 11, 15, 21] ). We start our investigations by introducing the notion of a weighted shift on a weighted directed tree (see Section 3). Although it is formally a generalization of a weighted shift on a (non-weighted) directed tree, both the notions are equivalent in a sense (see Proposition 28 and Remark 30). Nevertheless, the technical side of our considerations seems to be easier to handle in the "weighted directed tree" setting (in particular, this enables us to consider shifts with weights summing over children of every vertex up to 1, see condition (⋆⋆), which is crucial to our study). Then, we define and study multiplier algebras related to weighted shifts on weighted directed trees (see Section 4) . We show that these algebras consists of coefficients of analytic functions (see Propositions 6 and 7). Later, we introduce bounded point evaluations and study spectral properties of the adjoints of weighted shifts on weighted directed trees (see Section 5) . The main result here provides a kind of functional calculus (see Theorem 19) for functions from multiplier algebras. Next, we investigate the point spectrum of the adjoint of a weighted shift on a weighted directed tree by looking at its behaviour on paths. We show that the spectrum contains a complex disc of radius which can be estimated by the supremum of appropriate limits along the paths (see Theorem 23). Moreover, we show that for particular classes of directed trees the closures of the spectrum and the disc are equal. We conclude the paper with results concerning weighted shifts on (non-weighted) directed trees (see Section 7).
Preliminaries
Let N, R and C denote the set of all natural numbers, real numbers and complex numbers, respectively. Set N 0 = N ∪ {0} and R + = [0, ∞). For κ ∈ N ∪ {∞}, J κ stands for the set {n ∈ N : n κ}. If Y is a set, then card(Y ) denotes the cardinal number of Y . For any r ∈ (0, ∞), ∆ r stands for {z ∈ C : |z| < r}.
Let V be a nonempty set and β = {β v } v∈V be a family of positive real numbers. Then
The norm induced by ·, − β is denoted by · β . For u ∈ V , we define e u ∈ ℓ 2 (β) to be the characteristic function of the one-point set {u}; clearly, {e u } u∈V is an orthogonal basis of ℓ 2 (β). We will denote by E the linear span of {e u } u∈V . Given a subset
composed of all functions f such that f (v) = 0 for all v ∈ V \ V ′ , and E V ′ denotes the set of all
Let A be a (linear) operator in a (complex) Hilbert space H. Then D(A), r(A) and A * denote the domain, the spectral radius and the adjoint of A, respectively (in case it exists). A linear subspace F of D(A) is called a core of A if F is dense in D(A) in the graph norm induced by A, i.e, the norm · A given by f
The algebra of all bounded operators on H is denoted by B(H). If A ∈ B(H), then we denote by σ(A) and σ p (A) the spectrum and point spectrum of A.
Weighted shifts on directed trees
Let T = (V, E) be a directed tree (V and E stand for the sets of vertices and directed edges of T , respectively). Set Chi(u) = {v ∈ V : (u, v) ∈ E} for u ∈ V . Denote by par the partial function from V to V which assigns to a vertex u ∈ V its parent par(u) (i.e. a unique v ∈ V such that (v, u) ∈ E). For k ∈ N, par k denotes the k-fold composition of the partial function par; par 0 denotes the identity map on V . A vertex u ∈ V is called a root of T if u has no parent. A root is unique (provided it exists); we denote it by root. The tree T is rooted if the root exists. The tree T is leafless if every vertex v ∈ V has a child, i.e., card(Chi(v)) 1. All the directed trees considered here are assumed to be rooted and countably infinite. In most of the cases they will be also leafless. We set V • = V \{root}. If v ∈ V , then |v| denotes the unique k ∈ N 0 such that par k (v) = root. For given u ∈ V and n ∈ N we denote by Des n (u) the set v ∈ V : par k (v) = u for some k ∈ J n ∪{0} ; in addition, we set Des(u) = {v ∈ V : par k (v) = u for some k ∈ N 0 }. In the paper we will also consider subgraphs of T . On this occasion we will use the notions of children Chi, parent function par, the root root, etc., with respect to a subgraph, say G; they will be denoted by Chi G , par G , root G , etc. Let T = (V, E) be a directed tree. A subgraph S of T which is a directed tree itself is called a subtree of T . A path in T is a subtree P = (V ′ , E ′ ) of T which satisfies the following two conditions: (i) root ∈ P, (ii) for every v ∈ V ′ , card(Chi P (v)) = 1. The collection of all paths in T is denoted by P = P(T ). Throughout the paper 1 = 1 V stands for either of the families
We refer the reader to [7] for more on directed trees. Now, we give a definition of a weighted shift on a weighted directed tree. Formally the notion generalizes that of a weighted shift on a directed tree from [7] but in view of Proposition 28 and Remark 30 (see also Proposition 29) both the notions are equivalent. Let T = (V, E) be a directed tree and let λ = {λ v } v∈V • ⊆ C. We define then the map Λ
Given β = {β v } v∈V ⊆ C, we denote by T β the pair (T , β); this is the weighted tree mentioned above. By a weighted shift on T β with weights λ = {λ v } v∈V • ⊆ C, we mean the operator S λ in ℓ 2 (β) defined as follows
. Note that the weighted shift S λ on T 1 (in a sense of the above definition) is the weighted shift S λ on the directed tree T as in [7] .
The questions of boundedness of a k-th power of S λ on T β and evaluation of its norm can be answered in terms of the products of k consecutive weights. To state the result we need some notation. Let T = (V, E) be a directed tree and let λ = {λ v } v∈V • ⊆ C. For u ∈ V and v ∈ Des(u) we define
Arguing as in the proof of [7, Lemmata 3.1.8 and 6.1.1], where k = 1 and β = 1 were considered, we get the following.
Then the weighted shift S λ on T β is bounded on ℓ 2 (β) if and only if
Moreover, if S λ is bounded, then
In the course of our study we will use the formula for the adjoint S * λ of the weighted shift S λ on T β , which is given below. For our purposes it suffices to have it in the bounded case. It can be proofed as in [7, Proposition 3.4 
If S λ is the weighted shift on T β such that S λ ∈ B ℓ 2 (β) , then its adjoint S * λ is given by
Multiplication operators
Multiplication operators on weighted sequence spaces are helpful when studying "classical" weighted shifts (see [16] ). As it turns out, they can be used also in the context of weighted shifts on directed trees. In this section we define counterparts of classical multiplication operators related to weighted shifts on directed trees.
We note that some of the results here are valid in the more general context of reproducing kernel Hilbert spaces (see Acknowledgments) but, for the sake of consistency with subsequent results, we opt for a direct approach and present them in a specific form (for many interesting facts concerning multiplication operators and multipliers in RKHS we refer the reader to [19, 20] ).
It will be assumed throughout the section 1 (if not stated differently).
is a countably infinite rooted and leafless directed tree,
We start with defining a multiplication operator. Letφ :
The multiplication operator M
The functionφ : N 0 → C is said to be the symbol of M 
On the other hand, we have
Hence, Γφf = g. Thus f ∈ D(Mφ) and Mφf = g, which completes the proof.
Let M(T β , λ) denote the collection of all functionsφ :
Clearly, M(T β , λ) is a linear space (with standard addition of functions).
Lemma 4. Assume (⋆).
For everyφ ∈ M(T β , λ), the multiplication operator Mφ is bounded on
Proof. It is well-known that every closed everywhere defined Banach space operator is automatically bounded ([3, Theorem III.12.6]). Thus, we deduce boundedness of Mφ from Lemma 3.
In view of the above, M(T β , λ) is a normed space with the norm · given by
The space M(T β , λ) turns out to have a natural Banach algebra structure. It suffices to endow it with the Cauchy-type multiplication * :
Theorem 5. Let T = (V, E) be a countably infinite rooted and leafless directed tree,
2 (β) be a weighted shift on T β . Then following assertions are satisfied:
, the functionφ * ψ belongs to M(T β , λ) and
(iv) The space M(T β , λ), endowed with the Cauchy-type multiplication, is a commutative Banach algebra with unit.
Proof. (i) This follows directly from the definitions of Mφ and S λ . (ii) This follows from (i) and linearity. (iii) We first show that
Fixφ,ψ ∈ C V and take f ∈ C V . Note that for every v ∈ V and all k ∈ {0, . . . , |v|} and j ∈ {0, . . . , | par k (v)|}, the expression par j (par k (v)) makes sense and equals par j+k (v); moreover
Hence, we have the equality
On the other hand, we see that
By (3) and (4), we get
Hence D(Mφ * ψ ) = ℓ 2 (β) and D(Mφ * ψ ) = MφMψ, which proves (iii).
(iv) In view of (1), (i) and (iii), M(T β , λ) is a commutative algebra with unit. We prove now that M(T β , λ) is closed. To this end take a Cauchy sequence
is a Cauchy sequence in B(ℓ 2 (β)), and hence there is A ∈ B(ℓ 2 (β)) such that lim n→∞ Mφ n = A. We note that
which easily follows from
Let us define the functionψ :
By (5),ψ is well-defined. Moreover, by (6) and (7), we have
Since A is bounded, D(Mψ) = ℓ 2 (β) and A = Mψ. Thusψ ∈ M(T β , λ). Since, ψ −φ n = Mψ − Mφ n → 0 as n → ∞, we get the claim.
The above justifies calling M(T β , λ) the multiplier algebra induced by S λ .
Proposition 6. Assume (⋆). Let S λ ∈ B(ℓ 2 (β)) be a weighted shift on T β . Then for everŷ ϕ ∈ M(T β , λ) and every w ∈ ∆ r(S λ ) the series n∈N0φ (n) w n is absolutely convergent.
Proof. For u ∈ V and k ∈ N 0 let f u,k : V → C be a function defined by
Let us notice that by Lemma 1 we have
Thus, taking supremum over u ∈ V and using Lemma 1, we get S
This together with Gelfand's formula for the spectral radius gives the claim.
Proposition 7. Assume (⋆). Let S λ ∈ B(ℓ 2 (β)) be a weighted shift on T β . Letφ : N 0 → C be such that the series
Proof. For k ∈ N we define functionsω k : N 0 → C and ω k :
It is easily seen that
where s n : ∆ S λ → C, n ∈ N 0 , are given by s n (z) = Mω k = sup
Moreover, for every f ∈ ℓ 2 (β) and every finite W ⊆ V we have
Hence, D(Mφ) = ℓ 2 (β) and thusφ ∈ M(T β , λ).
In view of Proposition 7, if r(S λ ) = S λ andφ : N 0 → C induces the function ϕ which is analytic in ∆ r with r > r(S λ ), thenφ ∈ M(T β , λ). On the other hand, if r(S λ ) < S λ , then one can find an analytic function ψ on ∆ r , with r(S λ ) < r < S λ , without analytic extension onto ∆ S λ . Proposition 7 cannot be used to verify if the functionψ determined by the coefficients of the series expansion of ψ at 0 belongs to M(T β , λ). One can us the following then (this fact can be proved with help of the Riesz functional calculus but we use approach based on the Gelfand formula for the spectral radius).
Proposition 8. Assume (⋆). Let S λ ∈ B(ℓ 2 (β)) be a weighted shift on T β and let r ∈ r(S λ ), ∞ .
Ifφ : N 0 → C is such that the series
Proof. Since r > r(S λ ), by the Gelfand formula for the spectral radius there exists ρ ∈ (0, 1) and
which implies that
Hence, the series
Banach algebra, S = Mψ with someψ : N 0 → C. Now, evaluating Mψe root , e u , u ∈ V , we deduce thatψ(k) =φ(k) for every k ∈ N 0 and consequently
In view of the above the following problem seems to be interesting.
Problem 9. Letφ : N 0 → C be such that the series ∞ k=0φ (k) z n is convergent for every z ∈ ∆ r(S λ ) and the function ϕ :
We finish the section with an auxiliary result, in view of which a multiplication operator with positive symbol can be effectively approximated with multiplication operators with finitely supported symbols.
Proposition 10. Assume (⋆). Letφ = |φ| ∈ M(T β , λ) and letφ (n) : N 0 → C, n ∈ N, be given
converges to Mφ in the strong operator topology.
Proof. The first part of the claim follows from Theorem 5. Now, let f ∈ ℓ 2 (β). For every v ∈ V we have
Since for every f ∈ ℓ 2 (β), Mφ|f | ∈ ℓ 2 (β) and
the claim follows from the Lebesgue dominated convergence theorem.
Problem 11. Does there existφ ∈ M(T β , λ) such that |φ| / ∈ M(T β , λ)?
Bounded point evaluations
In this section we define and study bounded point evaluations related to weighted shifts on weighted directed trees. In the classical weighted shift setting they were used successfully in many problems, for example to show that weighted shifts are reflexive (see [16] ).
Theorem 12. Suppose T = (V, E) is a countably infinite rooted directed tree and β = {β v } v∈V ⊆ (0, ∞). Let w ∈ C. Then the following conditions are equivalent:
(i) There exists a continuous linear mapping V w : ℓ 2 (β) → C such that
(ii) There exists c > 0 such that
Moreover, if any of the conditions (i)-(iv) holds, then both the mapping V w and the function k w are unique,
(with the convention 0 0 = 1) and
with the series v∈V f (v) w |v| being absolutely summable.
Proof. If (iv) holds, then the function k w : V → C defined by (11) belongs to ℓ 2 (β). Clearly, for every u ∈ V it satisfies e u , k w β = w |u| , which, by linearity, gives (10) and proves (iii). The uniqueness of k w follows easily from (10) . That (iii) implies (ii) follows immediately from the Cauchy-Schwartz inequality. If (ii) is satisfied, then the density of E in ℓ 2 (β) implies that for every f ∈ ℓ 2 (β) the series v∈V f (v)w |v| is absolutely summable and v∈V |f (v)| |w| |v| c f β . Thus, the mapping
can be extended (in a unique way) to a continuous linear mapping V w : ℓ 2 (β) → C, which gives (i). If (i) is satisfied, then by the Riesz theorem there exists k ∈ ℓ 2 (β) such that V w (f ) = f, k β for all f ∈ ℓ 2 (β). This and (9) yield k = k w , with k w given by (11) . Hence k w ∈ ℓ 2 (β), which is equivalent to (iv). This completes the proof.
Under the assumption of Theorem 12, if w ∈ C and any of the conditions (i)-(iv) is satisfied, then we call w a bounded point evaluation on T β . By bpe(T β ) we denote the set of all bounded point evaluations on T β . Corollary 13. Suppose T = (V, E) is a countably infinite rooted directed tree and β = {β v } v∈V ⊆ (0, ∞). Then the set bpe(T β ) is circular.
Throughout the rest of this section we will assume additionally to (⋆) that S λ is bounded on ℓ 2 (β) and the weights λ are distributed on T in a special way. These assumptions are gathered in the following.
(⋆⋆) Proposition 14. Assume (⋆⋆). Let S λ be a weighted shift on T β . If w ∈ C satisfies |w| = S λ , then w / ∈ bpe(T β ). 
This in turn implies that
which according to Theorem 12 (iv) proves that w ∈ bpe(T β ).
Lemma 15. Assume (⋆⋆). Let S λ be a weighted shift on T β . If w ∈ bpe(T β ), then
Proof. Since s∈Chi (u) λ s = 1 for every u ∈ V , by Theorem 12, we have
Hence, applying linearity, we see that the equality in (13) holds with every f ∈ E. This, continuity of V w and density of E in ℓ 2 (β) implies (13).
Proof. Suppose w ∈ bpe(T β ). Then, by Theorem 12, k w ∈ ℓ 2 (β). According to (12) and (13), we
Hence S * λ k w = w k w and as a consequence w ∈ σ p (S * λ ). Applying Corollary 13 we get the claim.
The following example shows that, in contrast to classical weighted shift, the inclusion in theorem above may be proper (see [16, Theorem 10 
(i)]).
Example 17. Let T 2,0 = (V 2,0 , E 2,0 ) be the directed tree defined by (see Figure 1 ) For θ ∈ {z ∈ C : |z| < 1}, let k θ : V 2,0 → C be defined by Then k θ is an eigenvector of S µ corresponding to an eigenvalue θ. Hence {z : |z| < 1} ⊆ σ p (S * µ ) = σ p (S * λ ). In fact we can show that {z : |z| < 1} = σ p (S * µ ). Indeed, suppose that θ ∈ {z ∈ C : |z| 1} is an eigenvalue of S * µ corresponding to an eigenvector k ∈ ℓ 2 (V, 1). Then S * µ n k = θ n k for every n ∈ N, which implies that for every (i, j) ∈ V 2,0 , k(i, j) = α i θ j with some α i ∈ C. This and
According to Proposition 14 and Proposition 16 we see that bpe(T β ) ⊆ ∆ r(S λ ) whenever S λ is normaloid (i.e., r(S λ ) = S λ ). If S λ is non-normaloid, then the following question arises.
Problem 18. Does there existsφ
In view of Propositions 6 and 16 (cf. Problem 18), for anyφ ∈ M(T β , λ) we may define
Clearly, ϕ is analytic.
Theorem 19. Let T = (V, E) be a countably infinite rooted and leafless directed tree,
By induction and linearity from (13) we get
Since w ∈ int(bpe(T β )), the series v∈V f (v) w |v| is absolutely summable by Theorem 12, whence the series n∈N0φ (n) w n is absolutely convergent by Proposition 6. Therefore we can write
with αφ : N 0 → C given by the Cauchy product formula. In the same manner, we see that
with αφ(n) : N 0 → C. It is easily seen that
By Theorem 12, both the series v∈V Mφf (v)
Moreover, for every n ∈ N 0 and v ∈ V such that |v| n we have
which implies that coefficients of the series
at v ∈ V with |v| n are the same. Combining this, (16) and (15) gives (14) .
Proof. Fix w ∈ int(bpe(T β )). Then, by Theorem 12, k w ∈ ℓ 2 (β). Thus, applying Theorem 12 and (14), we have
Hence M * ϕ k w = ϕ(w) k w , and as a consequence ϕ(w) ∈ σ p M * ϕ .
Remark 21. As regards Proposition 20, it is worth noting that if T is isomorphic to the directed tree N 0 , {(n, n + 1) : n ∈ N 0 } , then ϕ bpe(T β ) * ⊆ σ p M * ϕ (see [16, Theorem 10] ).
6. Point spectrum of S * λ via paths In this section we aim to show that some information about point spectrum of S * λ can be deduced from the behaviour of S * λ on paths. We begin with easy observation that the point spectrum of S * λ contains all the bounded point evaluations calculated with respect to paths, defined in the following natural way: if T = (V, E) is a countably directed tree, P = (V P , E P ) is a path in T and β = {β v } v∈V ⊆ (0, ∞), then bpe(P β ), the set of bounded point evaluations with respect to P, is defined as the set of all w ∈ C such that v∈V P β
Proposition 22. Assume (⋆⋆). Let S λ be a weighted shift on T β . Then the following assertions hold:
Proof. Arguing as in the proof of Proposition 16 we show that (i). The first inclusion in assertion (ii) and assertion (iii) follow immediately from the definitions of bpe(T β ) and bpe(P β ), P ∈ P. Then, the rest follows easily from the fact that for every P = (V P , E P ) ∈ P, σ p Q P S * λ | ℓ 2 (P,β) ⊆ σ p S * λ (see Lemma 2) . Another and more concrete way of localizing the point spectrum of S λ is available. One definition more is required: assuming (⋆), we set
Theorem 23. Let T = (V, E) be a countably infinite rooted and leafless directed tree,
Proof. Fix P ∈ P. Then for every k ∈ N 0 there exists unique v k ∈ P such that |v k | = k. Define
. Let S µ be the classical weighted shift on ℓ 2 (N 0 ) with weights µ. Then one can easily show using Lemma 2 that S * µ is unitarily equivalent to
. According to [16, Theorem 8] , we have
with r 2 (P) = lim inf k→∞ µ 0 · · · µ k 1 k+1 . Clearly, r P 2 (S λ ) = r 2 (P). This, (17) and Lemma 2 imply that
which completes the proof.
Using the unitary equivalence of operators Q P S * λ | ℓ 2 (P,β) and S * µ and applying [16, Proposition 7 and Theorem 10 (i)] we get Corollary 24. Assume (⋆). Let S λ ∈ B(ℓ 2 (β)) be a weighted shift on T β . Then ∆ r P 2 (S λ ) = σ p Q P S * λ | ℓ 2 (P,β) for all P. In view of [16, Theorem 8] , it is reasonable to ask for a solution of the following.
Problem 25. When does the inclusion
As shown below the inclusion of Problem 25 is satisfied if the tree has finitely many branching vertexes. Recall that a vertex v is called a branching vertex if the set Chi(v) contains at least two distinct vertices.
Proposition 26. Assume (⋆⋆). If the directed tree T has finitely many branching points, then
Proof. Since T has finite number of branching vertices, there is n 0 ∈ N such that Chi(par(v)) = {v} for every v ∈ V with |v| n 0 . Let w ∈ σ p (S * λ ) and let f ∈ ℓ 2 (β) be the corresponding eigenvector,
i.e.,
We claim that for every P ∈ P there is α P ∈ C such that
Indeed, fix P ∈ P. Let v P be the only vertex in P such that |v P | = n 0 and let v k , k ∈ N, be the unique vertex in P such that |v k | = n 0 + k. In view of (⋆⋆), λ v k = 1 for every k ∈ N. Then, applying (18) repeatedly k-times, we deduce that
which clearly gives (19) with
Since f is non-zero, there isP ∈ P such that f (vP) = 0. In view of (19) , the inequalities
Theorem 12 and Proposition 22 we have w ∈ bpe(
, where S µ is as in the proof of Theorem 23. Hence, by (17) we have |w| rP 2 (S λ ) r + 2 (S λ ). This proves the claim.
On the other hand, if there is plenty of branching vertexes in each generation, then the inclusion of Problem 25 does not hold. This follows from the Proposition 27 below. Recall that for κ ∈ N, the rooted κ-ary directed tree is the directed tree Proposition 27. Let κ ∈ N. Let S λ be the weighted shift on T (κ) β
Proof. Direct calculation shows that S λ ∈ B(ℓ 2 (β)) and r This proves the required inclusion.
Non-weighted directed trees
In this section we concentrate on weighted shifts on directed trees T 1 and comment on how the results of the previous sections apply in this context.
We begin by showing that a weighted shift S µ on T 1 is unitarily equivalent to a weighted shift S λ on T β with any given weights λ. The proof is essentially extracted from [8, Example 4.3.1].
Proposition 28. Let T = (V, E) be a countably infinite rooted and leafless directed tree and let µ = {µ v } v∈V • be a family of nonzero complex numbers. Let λ = {λ v } v∈V • ⊆ (0, ∞). Define the family β = {β v } v∈V ⊆ (0, ∞) by
Then the operator U : ℓ 2 (V, 1) → ℓ 2 (V, β), defined by U f (u) = λ root |u µ root |u f (u), u ∈ V, f ∈ ℓ 2 (1).
is unitary and the weighted shift S µ on T 1 is unitarily equivalent to the weighted shift S λ on T β via U , i.e., U S µ = S λ U.
Proof. Since, for every f ∈ ℓ 2 (1) we have
we see that U is well-defined unitary isomorphism.
where Υ : C V → C V be given by Υf (u) = µ root |u λ root |u f (u), u ∈ V, f ∈ C V .
Moreover, Υ induces operator U * : ℓ 2 (β) → ℓ 2 (1) and
By applying Propositions 28 and 31, we deduce that S λ and S µ induce the same multiplier algebra. 
